The arithmetic function of two variables, N s (a, n), is defined. For all positive integers n and non-negative integers a N s (a, n) = ϕ (n) µ n (a,n)
We define the arithmetic function of two variables, Ns(a, n), as follows: n stands for all positive integers and a stands for all non-negative integers,
, where ϕ is the Euler function, µ is the Möbius function and (a, n) is the greatest common divisor of integers a and n. Generalized character of the Ns(a, n) function is obvious, since Ns(a, n) = ϕ(n), if (a, n) = n; Ns(a, n) = µ(n), if (a, n) = 1.
Therefore, one can expect that the function Ns(a, n) possesses a number of properties, which are both similar to those of the Euler function and of the Möbius function as well. Theorem 1.
where the sum is extended to the all divisors d of integer n. Proof. Let the integer n be represented as n = n 1 · (a, n). Then,
Incidently, it follows from the above Proof that
where k is the number of prime divisors of integer n (a,n)
. The statements similar to the so-called Möbius' inversion formulae hold for the function Ns(a, n), [1] .
Theorem 2. ( An analog of the first Möbius' inversion formula). Let f is the arithmetic function and
Proof. We have
and, therefore, according to Theorem 1
It is the first Möbius' inversion formula).
where d (n) is the number of positive divisors of integer n and S is the sum of the positive divisors. Corollary 3. ( (a, n) = n ; f (d) = 1).
And so on. In general, many expressions containing the Möbius function or (and) the Euler function have analogs for the function Ns as well. For instance, the statement (according to Theorem 1)
is an analog of the statement [1]
where c k = ℓ|k µ(ℓ).
As for summation with respect to a, we note the following property. Theorem 3. Let n = p
where m is the non-negative integer.
Proof. It is sufficient to show that
where n = n 1 p α ; (n 1 , p) = 1 (p is the prime number, α ≥ 1). We have
For negative integers m, obviously, the formula
It follows from Theorem 3 that n a=1
Ns(a, n) = 1 , if n = 1, 0 , if n > 1;
and also
where k is the number of prime divisors of the integer n.
The following property of the function Ns(a, n) is of particular interest. It is given here in the form of hypothesis because the author has no a completed proof at his disposal.
Theorem 4. Let
(Coefficients p n−1 (k) are of a specified sense in the theory of partitions [2] ). Then, for 0 ≤ a ≤ (n − 1)
is the integral part of the number. Corollary 1. Then, for a ≥ 1
Ns(a, n) = N n (n − 1) (n − 2) 2 + a − 1 .
